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ABSTRACIT 
By applying a generahzation of the multiplying factor technique employed by 
several earlier writers (cf. [3], [4] and [5]), an exact solution is obtained for the dual 
Laguerre series equations (1) and (2) below. Also computed are values of these 
series on the intervals over which they are not already specified. 
1. INTRODUCTION AND PRELl3IINARY RESULTS 
In the present paper we give sn exact solution of the dual series 
equations 
5 A, 
qa+p+n+p,) JTj-p:p (4 = g(x), 
y<x< 00, 
98-O 
where a+j?+l>/I>l-m, a+l>or+/3>0, m is a positive integer, 2, is 
an arbitrary non-negative integer, 
Lk) (x)= j. ;;; 9, 
( > * 
n=O, 1, 2, . . . . 
is the Laguerre polynomial of order a and degree n in x, and f(x) and g(z) 
are prescribed functions. The method used is a generalization of the 
multiplying fsctor technique which indeed was employed recently by 
Lowndes [3], Srivastava [6], and others (of., e.g., [a]) to solve various 
special cases of the dual series equations (1) and (2). For a systematic 
account of the sveilable techniques of solving these special cases (except 
possibly the case o=o~ considered in [4]) the reader may be referred to 
Srivastsva’s paper [6]. 
We also compute the values of the series (1) and (2) on the intervals 
*) For a preliminary report on this work see Notioes Amer. Math. Sot. 22 
(1976), p. A-709, Abstract # 75T-B241. 
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(y, CQ) and [0, y), respectively, that is, on those intervals over which 
their values are not already specified. 
The following results will be required in our investigation. 
(i) The orthogonality property of the Laguerre polynomials given by 
P, P. 292 P)l and [op. cit., p. 293 (3)]: 
(4 T e-zPLE)(x)Lf)(x)dx= r(a+n~+1)8m., cd> -1, 
where 6,, is the Kronecker delta. 
(ii) B’ormula (27), p. 190 of reference [l] in the form: 
(6) 
(iii) The following forms of the known results [l, p. 191 (30)] and 
[2, p. 406 (ZO)]: 
where or>--1, p>O, and 
where n+l>/I>O. 
2. SOLUTION OX' EQUATIONS (1) AND (2) 
Multiplying equstion (1) by II”(~ - x)B+mn-2, where m is a positive integer, 
equation (2) by e-z(x-&-a-fl, integrating them with respect to x over 
the intervals (0, [) and (E, oo), respectively, we find, on using (6) and (7), 
that 
(8) 
where O<[<y, or> - 1, #?+m> 1,. and 
where y<E<oo, o+l>ac+/?>O. 
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Now multiply equation (8) by 5 a+ B ++I, differentiate both sides m times 
with respect to [, and use the formula (5) ; we thus find that 
2 An 
Q%+B+n+p) 
L~++-l) (5) 
93-O 
(10) 
,p-a-B+1 
.e- j x=(E - xy+m-2 f(x) ax, 
= r(/!?+nz-l) dl” 0 
where O<t<y, oc> -1, and p+nz>l. 
The first members of equations (9) and (10) are now identical, and an 
application of the orthogonality property (4) yields the desired solution 
of the dual series equations (1) and (2) in the form 
where n, p E (0, 1, 2, . . .), 
(12) 
and 
dm W)= dg” o j 2” (5 - #+m-2 f(x) do, 
(13) G(E) = y ez(x-#-a-B g(x) dx, 
E 
provided that a+/I+l>j3>1-m and a+l>or+p>O, nz being a positive 
integer. 
3. SPECIAL CASES 
For p= 0, the dual series equations (1) and (2) would reduce to those 
considered earlier by Srivastava [5], and indeed our solution (11) with 
p=O is in complete agreement with Srivastava’s solution [op. cit., 
p. 526, Eq. (lo)]. 
On the other hand, if in our equation (11) we set U=OL, and replace 112 
by nz+ 1, we shall obtain the solution to the dual equations discussed 
by Sharma and Shreshtha [P, p. 45, Eq. (3, 4)]. 
Finally, we observe that when CT =a, p = 0, A, = T(a + n + l)I’(o~ + @ + n)C,, 
n 2 0, the above equation (11) provides the solution to Lowndes’ equations 
for OL + j? > 0, 1 - m < /? < 1, snd indeed when m = 1 the solutions are identical 
(cf. [3], p. 124, Eq. (12)). 
4. VALUES OF SERIES (1) AND (2) 
The values of the series (1) and (2) are not specified in the intervals 
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y <x < 00 and 0 5x< y, respectively. In this section we show that these 
values can be determined without computing the coeffioients An. 
Let us suppose that 
(14) 
and 
(15) s F(cx+Sa;lz+p) Lg!,(x)=ry(x), osx<y. 
Then using (11) in (14) we get 
+ F(a-a- /3+ 1) y T 5a+8-1 P(x, l) G(E)dE, 
where, for convenience, 
(17) P(x, o= &z. &+ 1) J5p (x) lLr+- (t) - M(x, [) 
and 
(18) Jw% o= y rca+“i+ 1) Lp (x) q-+8-1) (6), 
n-0 
it being understood that M(x, E) = 0 when p= 0. 
iA BY Wang (4) ad (7) in (17), it is easily verified that 
(19) P(x, o= ql-p) eEx-Yx- W8 H(x - t) - qx, g, 
where M(x, f) is given by (18) and H(t) denotes Heaviside’s unit function. 
Substituting from (18) into (16) we obtain 
I 
LI 1 
Rx)= g-8) r(/l+m-- 1) [ 
1 
+ qa-a-/9+1) 7 
(20) 
y 6 P+B-1 (x - 5)-p U(t) d5 1 
qa-or-/!3+1) 7 y ~?+~-l M(x, t) G(t) dt 1 , 
9 Indagationes 
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where J’(t), Q(t) and Jf(x, 5) are given by equations (12), (13) and (18), 
respectively. 
Evidently, this last equation (20) yields the value of the series (1) 
when y<x< 00. 
In order to determine the value of y(x) de&red by (15), we consider 
the elementary result 
(21) e-z Lt) (5) = - $ {e-x Lr-l) (x)}, 
which leads us by induction to the formula 
(22) 
for every positive integer nz. 
If we use (22) in (la), substitute for A, from (ll), and then interchange 
the order of integration and summation, we shall Snd that 
e-2 y(x) = ( - 1)” & 
( [ 
e-z 
(23) 
qjj+1,_ 1) ! ed &(x9 8 W) @ 
1 
+ r(0-%--/9+1) ” I P+fl-lQ(x, 5) Q(5)dE I) ) osx<y, 
where 
m 
(24) 
n! 
Q(xy O= .r, r(a+/!l+n) L;-” (2) Lr+- (E) -iv(x, 6) 
and 
(25) 
Q-1 n! 
N(x’ ‘)= ai0 F(a+@+n) 
Lip-m) (x) Lg+fl-l) (f), 
it being understood, as before, that this last sum is nil unless ~2 1. 
Now using (4) and (6) to evaluate the first sum on the right-hand 
side of (24), we get 
(26) Q(x, t)= 
ez p-o-p (tex)a+j9-u+m-2 
r(a+/?--a+m- 1) H(E-x)-i@, E), 
where iV(x, [) is given by (26). 
Thus we finally have 
where F(t), G(t) and N(z, 5) are given by (12), (13) and (26), respectively. 
REMARK 1. For u=a and p=O, equations (20) and (27) with m=l 
were given by Lowndes [3, p. 126, Eqs. (21) and (26)]. 
REMARK 2. In their special case u =OL, if we replace m by m + 1, 
equations (20) and (27) would reduce to the corresponding results in the 
Sharma-Shreshtha paper [4]. Notice, however, that the last, result in 
reference [4] is in error which can easily be traced to their erroneous 
equation (4.12). 
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